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GENERATING MAPPING CLASS GROUPS WITH ELEMENTS OF
FIXED FINITE ORDER
JUSTIN LANIER
Abstract. We show that for any k ≥ 6 and g sufficiently large, the mapping class group
of a surface of genus g can be generated by three elements of order k. We also show that
this can be done with four elements of order 5. We additionally prove similar results for
some permutation groups, linear groups, and automorphism groups of free groups.
1. Introduction
In this paper, we construct small generating sets for groups where all of the generators
have the same finite order. Our main result is about Mod(Sg), the mapping class group of
a closed, connected, and orientable surface of genus g.
Theorem 1.1. Let k ≥ 6 and g ≥ (k − 1)2 + 1. Then Mod(Sg) is generated by three
elements of order k. Also, Mod(Sg) is generated by four elements of order 5 when g ≥ 8.
Theorem 1.1 follows from a stronger but more technical result that we prove as Theorem
4.1. Our generating sets for Mod(Sg) are constructed explicitly. In addition, the elements
in any particular generating set are all conjugate to each other. Of course, attempting
to construct generating sets consisting of elements of a fixed order k only makes sense if
Mod(Sg) contains elements of order k in the first place. In the proof of Lemma 2.1, we
construct an element of any fixed order k in Mod(Sg) whenever g is sufficiently large.
We describe below prior work by several authors on generating Mod(Sg) with elements
of small fixed finite order. Set alongside this prior work, a new phenomenon that emerges
in our results is that the sizes of our generating sets for Mod(Sg) are not only independent
of the genus of the surface, but they are also independent of the order of the elements.
After proving our results concerning mapping class groups, we prove analogous theorems
for groups belonging to several other infinite families, each indexed by a parameter n:
· An, the alternating group on n symbols,
· Aut+(Fn), the special automorphism group of the free group of rank n,
· Out+(Fn), the special outer automorphism group of the free group of rank n,
· SL(n,Z), the integral special linear group of n× n matrices,
· Sp(2n,Z), the integral symplectic group of 2n× 2n matrices.
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2 JUSTIN LANIER
Note that An, Aut
+(Fn), Out
+(Fn), and SL(n,Z) are index 2 subgroups of the symmet-
ric group Σn, the automorphism group of a free group Aut(Fn), the outer automorphism
group of a free group Out(Fn), and the integral general linear group GL(n,Z), respectively.
Similarly, Mod(Sg) is an index 2 subgroup of the extended mapping class group Mod
±(Sg),
which includes orientation-reversing mapping classes. Since we are interested in generating
groups with elements of some fixed finite order, it is more natural to avoid the parity issues
that arise in generating these supergroups. Adding a single orientation-reversing element
to any of the generating sets we produce will promote it to a generating set for its respective
supergroup.
Our theorems for these other families of groups are as follows:
Theorem 1.2. Let k ≥ 3 and n ≥ k. Then three elements of order k suffice to generate
Σn when k is even and to generate An when k is odd. Further, let k ≥ 3 and n ≥ k + 2.
Then four elements of order k suffice to generate An when k is even.
Theorem 1.3. Let k ≥ 5 and n ≥ 2(k− 1). Then Aut+(Fn), Out+(Fn), and SL(n,Z) are
each generated by eight elements of order k. When k ≥ 6 and n ≥ 2k, seven elements of
order k suffice.
Theorem 1.4. Let k ≥ 5 and n ≥ 2(k − 1)(k − 3). Then Sp(2n,Z) is generated by four
elements of order k. When k ≥ 6 and n ≥ 2((k − 1)2 + 1), then three elements of order k
suffice.
We mention that the proof of Theorem 1.3 additionally shows that there is a straightfor-
ward extension of our mapping class group results to Mod(Sg,1), the mapping class groups
of once-punctured surfaces.
Outline of the paper. In Section 2 we show how to construct elements of order k in
Mod(Sg) for sufficiently large values of g. From here, our strategy for constructing gen-
erating sets for Mod(Sg) unfolds as follows. Humphries [16] showed that the Dehn twists
about the 2g+ 1 curves in Figure 1.1 generate Mod(Sg). In order to show that a collection
of elements generates Mod(Sg), it suffices to show two things: that a Dehn twist about
some Humphries curve can be written as a product in these elements, and that all 2g + 1
Humphries curves are in the same orbit under the subgroup generated by these elements.
If these two things hold, it follows that the Dehn twist about each of the Humphries curves
may be written as a product in the elements, and therefore the elements generate Mod(Sg).
We show how to write a Dehn twist as a product in elements of order k in Section 3, and we
construct elements of order k that generate a subgroup under which all Humphries curves
are in the same orbit in our proof of Theorem 4.1 in Sections 4 and 5.
Our results about permutation groups are independent of the mapping class group result,
and we prove these in Section 6. In Section 7 we combine our results for Mod(Sg) and An
to obtain our result for Aut+(Fn). This result in turn yields the theorems for Out
+(Fn)
and SL(n,Z). Finally, our result for Sp(2n,Z) follows directly from our mapping class
group result. We close in Section 8 with some further questions.
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Figure 1.1. The 2g + 1 Humphries curves in Sg.
Background and prior results for Mod(Sg). Let Sg be a closed, connected, and
orientable surface of genus g. The mapping class group Mod(Sg) is the group of homotopy
classes of homeomorphisms of Sg. The most commonly-used generating sets for Mod(Sg)
consist of Dehn twists, which have infinite order. Dehn [7] showed that 2g(g−1) Dehn twists
generate Mod(Sg), and Lickorish [24] showed that 3g + 1 Dehn twists suffice. Humphries
[16] showed that only 2g + 1 Dehn twists are needed, and he also showed that no smaller
set of Dehn twists can generate Mod(Sg).
There have also been many investigations into constructing generating sets for Mod(Sg)
that include or even consist entirely of periodic elements. For instance, Maclachlan [26]
showed that Mod(Sg) is normally generated by a set of two periodic elements that have
orders 2g + 2 and 4g + 2, and McCarthy and Papadopoulos [28] showed that Mod(Sg) is
normally generated by a single involution (element of order 2) for g ≥ 3. Korkmaz [21]
showed that Mod(Sg) is generated by two elements of order 4g + 2 for g ≥ 3.
Luo [25] constructed the first finite generating sets for Mod(Sg) where the generators
all have the same finite order, and where this order is independent of g. Luo’s generating
sets consisted of 6(2g + 1) involutions, given that g ≥ 3. Luo asked whether there exists
a universal upper bound for the number of involutions required to generate Mod(Sg).
Brendle and Farb [5] showed that six involutions suffice to generate Mod(Sg), again for
g ≥ 3. Kassabov [19] sharpened this result by showing that only five involutions are needed
for g ≥ 5 and only four are needed for g ≥ 7. Monden [31] showed that Mod(Sg) can be
generated by three elements of order 3 and by four elements of order 4, each for g ≥ 3.
Recently Yoshihara [38] has shown that Mod(Sg) can be generated by three elements of
order 6 when g ≥ 10 and by four elements of order 6 when g ≥ 5.
Much work has been done to establish when elements of a particular finite order exist
in Mod(Sg). In his paper, Monden noted that for all g ≥ 1, Mod(Sg) contains elements
of orders 2, 3, and 4. Aside from order 6, elements of larger orders do not always exist in
Mod(Sg). For example, Mod(S3) contains no element of order 5 and Mod(S4) contains no
element of order 7.
Determining the orders of the periodic elements in Mod(Sg) for any particular g is a
solved problem, at least implicitly. In fact, this is even true for the determining the con-
jugacy classes of periodic elements in Mod(Sg). Ashikaga and Ishizaka [3] listed necessary
and sufficient criteria for determining the conjugacy classes in Mod(Sg) for any particular
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g. The criteria are number theoretic and consist of the Riemann–Hurwitz formula, the
upper bound of 4g + 2 due to Wiman, an integer-sum condition on the valencies of the
ramification points due to Nielsen, and several conditions on the least common multiple of
the ramification indices that are due to Harvey. Ashikaga and Ishizaka also gave lists of
the conjugacy classes of periodic elements in Mod(S1), Mod(S2), and Mod(S3). Hirose [15]
gave a list of the conjugacy classes of periodic elements in Mod(S4). Broughton [6] listed
criteria for determining actions of finite groups on Sg, and hence for determining conjugacy
classes of finite subgroups of Mod(Sg). Broughton also gave a complete classification of
actions of finite groups on S2 and S3. Kirmura [20] gave a complete classification for S4.
Several results have been proved about guaranteeing the existence of elements of order k
in Mod(Sg) for sufficiently large g. Harvey [14] showed that Mod(Sg) contains an element of
order k whenever g ≥ (k2− 1)/2. Glover and Mislin [11] showed that Mod(Sg) contains an
element of order k whenever g > (2k)2. Tucker [37] gave necessary and sufficient conditions
for the existence of an element of order k in Mod(Sg) that is realizable by a rotation of
Sg embedded in R3. Using this characterization, Tucker showed that for any k and for
sufficiently large g, Mod(Sg) contains an element of order k that is realizable by a rotation
of Sg embedded in R3. We give a proof of this fact in Lemma 2.1.
Background and prior results for other groups. The symmetric group Σn is the
group of permutations on n symbols. The alternating group An is the unique index 2
subgroup of Σn and consists of the even permutations. There are of course many results
about generating sets for Σn and An. We provide here a few examples about generating
sets consisting of a universally bounded number of elements of small or fixed order. Miller
[29] showed that except for a few cases where n ≤ 8, every Σn and An is generated by two
elements, one of order 2 and one of order 3. Later, Miller [30] showed that whenever An
contains an element of order k > 3, the group may be generated by two elements, one of
order 2 and one of order k. He also showed that the same holds for Σn, except for the case
where k = 4 and n = 6 and in the cases where k > 3 is an odd prime and n = 2k − 1.
Nuzhin [34] showed that An is generated by three involutions (where two commute) if and
only if n ≥ 9 or n = 5. This implies that there is a universal upper bound on the number of
involutions needed to generate An whenever they generate An at all. Annin and Maglione
[1] determined that max{2, d(n− 1)/(k − 1)e} is the smallest number of k-cycles needed to
generate Σn when k is even and to generate An when k is odd.
Turning to automorphism groups of free groups, let Fn be the free group on n genera-
tors {a1, . . . , an}. Then Aut(Fn) is the automorphism group of Fn, Inn(Fn) is the inner
automorphism group of Fn, and Out(Fn) = Aut(Fn)/ Inn(Fn) is the outer automorphism
group of Fn. The abelianization of each of Aut(Fn) and Out(Fn) is GL(n,Z). The preim-
ages of the subgroup SL(n,Z) in Aut(Fn) and Out(Fn) under the abelianization map are
respectively Aut+(Fn) and Out
+(Fn). These are each additionally characterized as being
the unique index 2 subgroups of Aut(Fn) and Out(Fn). Note that since Aut(Fn) surjects
onto Out(Fn), a generating set for Aut(Fn) also yields a generating set for Out(Fn). The
same relationship holds between Aut+(Fn) and Out
+(Fn).
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Nielsen [33] gave the first finite presentations for Aut(Fn) and Out(Fn). His generators
consisted of permutations of the generators of Fn as well as an inversion (e.g. a1 → a−11 )
and a transvection (e.g. a1 → a1a2) of generators of Fn. Notice that an inversion has order
2 and a transvection has infinite order. Magnus [27] showed that Out(Fn) is generated by
an inversion of a generator of Fn along with the collection of left and right transvections of
generators of Fn. Gersten [10] gave a presentation for Aut
+(Fn) and in particular showed
that the collection of left and right transvections generate Aut+(Fn).
There are several results about generating Aut(Fn) with elements of finite order. Neu-
mann [32] gave a presentation for Aut(Fn) with generators of order at most n. Armstrong,
Forrest, and Vogtmann [2] gave a presentation for Aut(Fn) where the generating set is a
finite set of involutions and where the number of involutions required grows with n. In a
result similar to that of Brendle and Farb for Mod(Sg), Zucca [39] showed that Aut(Fn) is
generated by three involutions for n ≥ 5. Tamburini and Wilson [36] showed that Aut(Fn)
is generated by two elements, one of order 2 and one of order 3, for n ≥ 18.
The group SL(n,Z) is the group of n× n matrices with integer entries and determinant
1. Gustafson [12] showed that SL(n,Z) is generated by involutions. The group Sp(2n,Z)
is the group of 2n× 2n matrices with integer entries that respect the standard symplectic
form on R2n. Ishibashi [18] showed that Sp(2,Z) can be generated by two elements, one
of order 4 and the other of order 3, and that Sp(2n,Z), n > 1, can be generated by two
elements, one of order 2 and the other of order 12(n− 1) if n is even and of order 6(n− 1)
if n is odd.
Acknowledgments. The author would like to thank Dan Margalit for his guidance, sup-
port, feedback, and encouragement throughout this project. The author would also like to
thank Shane Scott for feedback and helpful conversations. Thanks also go to Martin Kass-
abov, both for his comments and for encouraging the author to sharpen the mapping class
group result to three elements. The author also thanks Allen Broughton, John Dixon, John
Etnyre, Benson Farb, Bill Harvey, Naoyuki Monden, Bala´zs Strenner, Tom Tucker, and
Josephine Yu for comments on a draft of this paper. The author was partially supported
by the NSF grant DGE-1650044.
2. Constructing elements of a given order in Mod(Sg)
In this section we construct elements of order k in Mod(Sg) whenever g is sufficiently
large. We will use elements that are conjugate to these elements when we build the gener-
ating sets of Theorem 4.1.
Lemma 2.1. Let k ≥ 2. Then Mod(Sg) contains an element of order k whenever g > 0
can be written as ak + b(k − 1) with a, b ∈ Z≥0 or as ak + 1 with a ∈ Z>0.
This result was proved by Tucker [37], who additionally showed that these number
theoretic conditions are necessary for an element of Mod(Sg) to be realizable by a rotation
of Sg embedded in R3.
Proof. In Figure 2.1 we depict two ways of embedding a surface in R3 so that it has k-fold
rotational symmetry. First, we can embed a surface of genus k in R3 so that it has a
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rotational symmetry of order k by evenly spacing k handles about a central sphere. We
can also embed a surface of genus k − 1 into R3 so that it has a rotational symmetry of
order k, as follows. Arrange two spheres along an axis of rotation and remove k disks from
each sphere, evenly spaced along the equator of each. Then connect pairs of boundary
components, one from each sphere, with a cylinder. This can be done symmetrically so
that a rotation by 2pi/k permutes the cylinders cyclically.
Figure 2.1. Embeddings of S5 and S4 with rotational symmetry of order 5.
Figure 2.2. Embeddings of S18 and S16 with rotational symmetry of order 5.
We can use these two types of embeddings to construct embeddings of surfaces of higher
genus that also have rotational symmetry of order k. Whenever g = ak + b(k − 1), we can
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construct an embedding of Sg in R3 by taking a connected sum of surfaces of genus k and
k − 1 along their axis of rotational symmetry. See the left of Figure 2.2 for an example.
Rotating a surface embedded in this way by 2pi/k produces an element of Mod(Sg) of order
k for any genus g = ak + b(k − 1). That an element so formed does not have order less
than k can be seen by the element’s action on homology.
In order to produce elements of order k in the case where g = ak+ 1, we first construct
a surface of genus ak with k-fold rotational symmetry by the above construction. We can
modify this surface to increase its genus by 1 while preserving its symmetry as follows.
See the right of Figure 2.2. The axis of a genus ak surface intersects the surface at two
points—at the top and the bottom. Removing an invariant disk around each of these
points creates two boundary components. Connecting the two boundary components with
a cylinder yields an embedding of a surface of genus ak + 1 with k-fold symmetry. 
By way of some elementary number theory, we show that all sufficiently large integers
have either the form ak + b(k − 1) or the form ak + 1.
Lemma 2.2. If k ≥ 5 and g ≥ (k − 1)(k − 3), then g can either be written in the form
ak + b(k − 1) with a, b ∈ Z≥0 or in the form ak + 1 with a ∈ Z>0.
Proof. All integers at least (k − 1)(k − 2) can be written in the form ak + b(k − 1) with
a, b ∈ Z≥0 by the solution to the Frobenius coin problem. Further, every number from
(k−1)(k−3) to k(k−3) can also be written as a sum of k’s and k−1’s. Start with k−3 copies
of k−1 and replace the k−1’s one at a time by k’s. Finally, k(k−3)+1 = (k−1)(k−2)−1
is of the form ak + 1. 
In addition to producing elements of order k in the stable range g ≥ (k−1)(k−3), we note
that the construction given in Lemma 2.1 is also valid for approximately half of the values of
g less than (k−3)(k−1). Specifically, (k2−3k−4)/2 of these k2−4k+2 smaller values of g are
either of the form ak+b(k−1) or ak+1. This amount is simply∑k−2i=3 i, since {k−1, k, k+1}
is the first run of numbers of the given forms and {(k − 4)(k − 1), ..., (k − 4)k + 1)} is the
last run less than (k − 1)(k − 3).
Also, note that Lemma 2.1 includes the cases where k is 2, 3, or 4. However, the
construction we use to create the generating sets of Theorem 4.1 does not work for these
small orders. However, these values of k are those already treated by Luo, Brendle and
Farb, Kassabov, and Monden in their work on generating sets for Mod(Sg).
3. Building a Dehn twist
In this section, we show that a Dehn twist in Mod(Sg) about a nonseparating curve may
be written as a product in four elements whenever these act on small collections of curves
in a specified way. In fact, even fewer than four elements will suffice as long as products
in these elements act on the collections of curves as specified. In our proof, we follow the
argument that Luo [25] gave for writing a Dehn twist as a product of involutions, as well
as the pair swap argument made by Brendle and Farb [5].
We write Tc for the (left) Dehn twist about the curve c. Recall the lantern relation
that holds among Dehn twists about seven curves arranged in a sphere with four boundary
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components. In the left of Figure 3.1 we depict a sphere with four boundary components L
that is a subsurface of Sg. Singling out this particular lantern is convenient for our proof of
Theorem 4.1. Note that Sg \L is connected. Seven curves lie in L in a lantern arrangement,
and several of these are Humphries curves. We will call these seven curves lantern curves.
We have the following lantern relation:
Tα1Tα2Tx1Tγ2 = Tγ1Tx3Tx2 .
Finally, recall that for a Dehn twist Tc and a mapping class f , we have fTcf
−1 = Tf(c).
Lemma 3.1. Suppose we are given the subsurface L in Sg and elements f , g, and h in
Mod(Sg) such that
f(γ1) = γ2
g(x3, x1) = (γ1, γ2)
h(x2, α2) = (γ1, γ2).
Then the Dehn twist Tα1 may be written as a product in f , g, h, an element conjugate to
f , and their inverses.
While this lemma is stated for a specific Dehn twist by way of a specific lantern, the
result holds for other Dehn twists by the change of coordinates principle: if two collections
of curves on a surface Sg are given by the same topological data, then there exists a
homeomorphism of Sg to itself that maps the first collection of curves to the second.
Details are given by Farb and Margalit [9].
Proof. Since Dehn twists about nonintersecting curves commute, one form of the lantern
relation for L is
Tα1 = (Tγ1T
−1
γ2 )(Tx3T
−1
x1 )(Tx2T
−1
α2 ).
Applying the assumptions on g and h yields
Tα1 = (Tγ1T
−1
γ2 )(g
−1(Tγ1T
−1
γ2 )g)(h
−1(Tγ1T
−1
γ2 )h).
Applying the assumption on f and regrouping yields
Tα1 = ((f
−1Tγ2f)T
−1
γ2 )(g
−1(f−1Tγ2f)T
−1
γ2 g)(h
−1(f−1Tγ2f)T
−1
γ2 h)
= (f−1(Tγ2fT
−1
γ2 ))(g
−1f−1(Tγ2fT
−1
γ2 )g)(h
−1f−1(Tγ2fT
−1
γ2 )h).
We have written Tα1 as a product in f , g, h, Tγ2fT
−1
γ2 , and their inverses. 
Note that if f has order k, then so does Tγ2fT
−1
γ2 since it is a conjugate of f . Finally,
notice that we required very little of f , g, and h in this argument—only that they map
one specific curve or one specific pair of curves to another. We will take advantage of this
flexibility in the proof of Theorem 4.1.
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Figure 3.1. The subsurface L with five lantern curves drawn in. Two ad-
ditional lantern curves x2 and x3 are omitted for clarity but are determined
uniquely by the first five.
4. Generating Mod(Sg) with four elements of order k
In this section and in the following section we prove the two parts of the following
theorem, which is our main technical result.
Theorem 4.1. (1) Let k ≥ 5 and let g > 0 be of the form ak + b(k − 1) with a, b ∈ Z≥0
or of the form ak+1 with a ∈ Z>0. Then Mod(Sg) is generated by four elements of order k.
(2) Let k ≥ 8 or k = 6 and let g > 0 be of the form ak + b(k − 1) with a, b ∈ Z≥0. Then
Mod(Sg) is generated by three elements of order k. If instead k = 7 and g is of the form
7 + 7a+ 6b with a, b ∈ Z≥0, then three elements of order 7 also suffice.
Theorem 1.1 in the introduction follows directly from Theorem 4.1, along with Lemma
2.2 and the observation that any g ≥ (k − 1)2 + 1 may be written as a sum of k’s and
(k − 1)’s with at least one summand equal to k.
In this section we prove the statement about generating with four elements. In order to
illustrate our construction, we depict the particular case k = 5 and g = 18 in Figure 4.3.
In what follows, a chain of curves on a surface is a sequence of curves c1, . . . , ct such that
pairs of consecutive curves in the sequence intersect exactly once and each other pair of
curves is disjoint.
Proof. We begin with the case where g = ak + b(k − 1) and treat the case where ak + 1
with a small modification at the end of the proof. Since g = ak + b(k − 1), we have a
k-fold symmetric embedding of Sg in R3 as constructed in Lemma 2.1. Call this embedded
surface Σg and let it be comprised of a surfaces of genus k followed by b surfaces of genus
k−1. Let σ1 through σa+b denote these k-symmetric subsurfaces of Σg. Let r be a rotation
of Σg by 2pi/k about its axis.
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We will construct our desired elements by mapping Sg to Σg, performing a rotation r,
and then mapping back to Sg. In doing so we will specify how individual curves map over
and back again, and so control how curves are permuted among themselves. In order to
construct these maps, it is convenient to label curves on Sg and Σg as follows. Take on the
one hand the usual embedding of the Humphries curves in Sg as shown in Figure 1.1 and
the upper-left of Figure 4.3. We will refer to the αi, βi and γi curves as α curves, β curves,
and γ curves, respectively. The Humphries curves consist of a chain of 2g − 1 curves that
alternate between β curves and γ curves as well as two additional α curves. On the other
hand, take the k-fold symmetric embedded surface Σg and embed in each σi a chain of
curves of length 2gi − 1, where gi is the genus of σi. See Figure 4.1 and the upper-left of
Figure 4.3. We label the curves in these chains also as β and γ curves and note that they
are embedded so that r(βi) = βi+1, 1 ≤ i ≤ gi − 1, and r(γi) = γi+1, 1 ≤ i ≤ gi − 2. We
will use these labels as “local coordinates”—saying, for instance, “the β2 curve in σ3.” In
σ1 we additionally embed two α curves, α1 and α2, such that each respectively intersects
β1 and β2 once, intersects no other curves, and r(α1) = α2.
We are now prepared to define three maps fˆ , gˆ, and hˆ from Sg to Σg. We will use these
homeomorphisms to define three mapping classes of the form fˆ−1rfˆ and will show that
these mapping classes (1) have order k, (2) satisfy Lemma 3.1 and (3) put the Humphries
curves into the same orbit.
We first construct a homeomorphism fˆ . The β and γ Humphries curves in Sg form a
chain of length 2g − 1. By removing some of the γ curves from this chain, we form a + b
smaller chains. The first a chains will be 2k − 1 curves long and the last b chains will be
2k− 3 curves long. We accomplish this by removing every kth γ curve up to γak, and then
every (k − 1)st γ curve thereafter. We call these the excluded γ curves. Call the resulting
chains Fi, keeping their sequential order. We add to F1 the curves α1 and α2.
Figure 4.1. The embeddings of chains of curves in the σi. The α curves
are only included in the subsurface σ1.
Note that the curves in each Fi form a chain of simple closed curves in Sg and the union
of the Fi is nonseparating. (Note that F1 is not quite a chain because of the α2 curve.) By
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the change of coordinates principle, there is a homeomorphism fˆ that takes curves in the
Fi to the curves in the chains in σi as specified above, as these chains of curves have the
same length. (Recall that in σ1 we have two additional curves that correspond to the α
curves of Sg.) Let f be the mapping class of fˆ
−1rfˆ . Then f has order k and maps γ1 to
γ2 as required by Lemma 3.1.
We now construct gˆ. We form triples of curves Gi, 2 ≤ i ≤ a+ b. To form each Gi, we
take the second-to-last β curve in Fi−1, the excluded γ curve falling between Fi−1 and Fi,
and the second β curve in Fi.
Note that the curves in ∪iGi are in the complement of L, that they are nonseparating
simple closed curves, that they are disjoint, and that their union is nonseparating. By the
change of coordinates principle, there is a homeomorphism gˆ that maps the curves in L
and the curves ∪iGi to a collection of curves of the same topological type in Σg as follows:
gˆ : Sg −→ Σg
(x3, x1, γ1, γ2) 7−→ (a, b, c, d) in σ1 as in Figure 4.2
Gi 7−→ (β1, β2, β3) in σi, 2 ≤ i ≤ a+ b
Note that the specified image curves are of the same topological type as the four curves in
L and the curves in ∪iGi. Note also that the embedding of the lantern curves depends on
whether the genus of σ1 is k or k − 1; see Figure 4.2. In both embeddings, the image of L
is nonseparating. Let g be the mapping class of gˆ−1rgˆ. Then g has order k and maps the
pair (x3, x1) to the pair (γ1, γ2) as required in Lemma 3.1.
Figure 4.2. The important curves of the subsurface L as embedded by gˆ
and hˆ in σ1 when the genus of σ1 is k and when it is k − 1. The latter is
depicted as seen from above.
Finally, we construct hˆ. We form pairs of curves Hi, 2 ≤ i ≤ a+ b. Each Hi consists of
the first β curve and the second γ curve in Fi. The map hˆ also specifies the mapping of
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Figure 4.3. The Humphries curves in S18. Σ18 with “local coordinate”
curves in each σi. The curves in the Fi, Gi, Hi, and the subsurface L, along
with their images under fˆ , gˆ, and hˆ.
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the Humphries curve β4. Let hˆ be a homeomorphism that maps curves as follows:
hˆ : Sg −→ Σg
(γ1, γ2, x2, α2) 7−→ (a, b, c, d) in σ1 as in Figure 4.2
β4 7−→ r(d) in σ1
Hi 7−→ (β1, β2) in σi, 2 ≤ i ≤ a+ b
Let h be the mapping class of hˆ−1rhˆ. Then h has order k and h−1 maps the pair (x2, α2)
to the pair (γ1, γ2) as required by Lemma 3.1. (We use h
−1 here because we want all of
our generators to be conjugate and because the lantern curves are in a fixed cyclic order.)
G2 G3
F1β F2β F3β . . .
F1γ F2γ F3γ
α1 α2
g g
g
h
g
h
g
h
g
f (a=0)
f (a>0)
Figure 4.4. Each node is a collection of curves that are in the same orbit
under the subgroup generated by a single element. Each arrow indicates
when a power of an element maps a curve in one collection to a curve in
another. Since every Humphries curve is in at least one of the collections,
all Humphries curves are in the same orbit under the subgroup 〈f, g, h〉.
We now show that the Humphries curves are in the same orbit under 〈f, g, h〉. Refer
to Figure 4.4. First, note that every β and γ Humphries curve in Sg is in some Fi or Gi.
Additionally, powers of f map any β curve in Fi to any other β curve in the same Fi, and
likewise for γ curves. Call these orbits of curves Fiβ and Fiγ. In the same way, a power
of g maps any curve in Gi to any other curve in the same Gi. Thus at most we have the
following orbits of the Humphries curves under 〈f, g, h〉: the Fiβ, the Fiγ, the Gi, α1, and
α2. We will show that these are all in fact a single orbit under 〈f, g, h〉.
The element f maps α1 to α2 when σ1 has genus k and maps α1 to γ1 when σ1 has
genus k − 1. The element g maps the lantern curve γ2 to the lantern curve α2. Thus each
of α1 and α2 is in the same orbit as some γ curve.
A power of g takes a curve in Fiβ to a curve in Fi−1β as well as to a curve in Gi,
2 ≤ i ≤ a+b. Additionally, a power of h takes a curve in Fiβ to a curve in Fiγ, 1 ≤ i ≤ a+b.
(Note that in the case of F1, we have h
2(γ2) = β4.) Thus all Humphries curves are in a
single orbit under 〈f, g, h〉. By Lemma 3.1, the Dehn twist about α1 may be written as a
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product in f , g, h, and Tγ2fT
−1
γ2 . Thus all Dehn twists about the Humphries curves may
be written as products in our four elements of order k, and so they generate Mod(Sg).
In the case where g = ak + 1, we may modify the construction to show that Mod(Sg)
is again generated by four elements of order k. Take a connect sum of a surfaces of genus
k and insert one further handle along the axis of rotation, as in Lemma 2.1. The element
r is a rotation of this embedded surface by 2pi/k and f is defined as above by ignoring
the final two Humphries curves βg and γg−1. We must modify our other elements of order
k so that they place these two additional Humphries curves into the same orbit as all of
the other Humphries curves under the subgroup 〈f, g, h〉. Modify gˆ so that it additionally
maps βg to r(d) in σ1 and modify hˆ so that it additionally maps γg−1 to r2(d) in σ1. These
modifications preserve the fact that the curves involved are disjoint and that their union is
nonseparating. The elements g and h now put the curves βg and γg−1 into the same orbit
as the other Humphries curves. Hence Mod(Sg) is also generated by four elements of order
k when g = ak + 1. 
5. Sharpening to three elements
We now prove the second part of Theorem 4.1.
Proof. We first provide the construction for the cases k ≥ 8, and then afterwards give the
constructions for k = 7 and k = 6. Let k ≥ 8. By assumption we may write g in the form
ak + b(k − 1). We construct the homeomorphism fˆ : Sg → Σg as in the proof of the first
part of theorem, except with the modification that it additionally maps the α curve that
intersects the final β curve in F1 (called α`) to the curve r
−1fˆ(α1). See Figure 5.1. We
again let f be the mapping class of fˆ−1rfˆ , and f has order k.
We now construct gˆ. Let G2 consist of α`, the excluded γ curve falling between F1 and
F2, the first γ curve in F2, and the third β curve in F2. For 2 < i ≤ a+ b, let Gi be the last
γ curve in Fi−1, the excluded γ curve between Fi−1 and Fi, the first γ curve in Fi, and the
third β curve in Fi. See Figure 5.2. Let gˆ be a homeomorphism that maps the specified
curves as follows:
gˆ : Sg −→ Σg
(x3, x1, γ1, γ2, x2, α2) 7−→ (a, b, c, d, e, f) as in Figure 5.3
(γ3, γ4) 7−→ (r3(e), r3(f))
β6 7−→ r4(f) in σ1
Gi 7−→ (β1, β2, β3, β4) in σi, 2 ≤ i ≤ a+ b
Let g be the mapping class of gˆ−1rgˆ. Then g has order k and maps the pair (x3, x1)
to the pair (γ1, γ2) as required by Lemma 3.1. Additionally, g
3(x2, α2) = (γ3, γ4) and
f−2(γ3, γ4) = (γ1, γ2). Therefore we may define h = f−2g3 so that h satisfies Lemma 3.1
because h(x2, α2) = (γ1, γ2). Thus the Dehn twist about α1 may be written as a product
in f , g, and Tγ2fT
−1
γ2 .
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Figure 5.1. The images of α curves embedded in σ1 by fˆ . With this
embedding, the rotation r maps α` to α1.
Figure 5.2. The curves mapped by gˆ in the case k = 8, g = 21. This is a
worst case example where k has the smallest possible value and all of the
σi have genus k − 1.
Figure 5.3. The embedding of the subsurface L in σ1 when the genus of
σ1 is k and when it is k − 1. Also, the embedding of γ3, γ4, and β6. These
diagrams depict the case k = 8.
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G2 G3
F1β F2β F3β
F1γ F2γ F3γ . . .
α2 α1 αl
g g
g g g
f (a=0)
h=f−2g3
g
g
g
f (a>0)
f
Figure 5.4. Again, each node is a collection of curves that are in the
same orbit under the subgroup generated by a single element. Each arrow
indicates when a power of an element maps a curve in one collection to a
curve in another. Since every Humphries curve is in at least one of the
collections, all Humphries curves are in the same orbit under 〈f, g〉.
Finally, we show that all of the Humphries curves are in the same orbit under 〈f, g〉, as
can be seen in Figure 5.4. Again, every β and γ Humphries curve in Sg is in some Fiβ, Fiγ,
or Gi. Therefore we have at most the following orbits of the Humphries curves under 〈f, g〉:
the Fiβ, the Fiγ, the Gi, α1, and α2. We will show that these are all in fact a single orbit
under 〈f, g〉. For i > 2, powers of g put the curves in Gi, Fiβ, Fiγ, and Fi−1γ in the same
orbit. Note that powers of g map β6 to γ2 and a γ curve in F2 to α`, while the product h
carries α2 to γ2. Also, f maps α` to α1 and maps α1 either to α2 or γ1, depending on the
genus of σ1. Considering this, all of the curves are in the same orbit under the subgroup
〈f, g〉. Therefore the Dehn twist about each of the Humphries curves may be written as a
product in the three elements f , g, and Tγ2fT
−1
γ2 , and so they generate Mod(Sg).
In the case where k = 7, the same construction as above goes through as long as the
genus of σ1 is 7. As illustrated in Figure 5.2, under this assumption there is enough room
to configure all of the required curves in the construction of gˆ. The hypotheses of the
theorem in this case exactly demand that the genus of σ1 be 7.
In the case where k = 6, we use the same construction as above for f and use the
following alternative construction for the element g that takes advantage of the three-fold
symmetry of a lantern. See Figure 5.5. Let gˆ be a homeomorphism that maps the specified
curves as follows:
gˆ : Sg −→ Σg
(x3, x1, γ1, γ2, x2, α2) 7−→ (a, b, r2(a), r2(b), r4(a), r4(b)) as in Figure 5.5
β4 7−→ r(b) in σ1
Gi 7−→ (β1, β2, β3, β4) in σi, 2 ≤ i ≤ a+ b
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In this case, g2 and g4 play the roles of g and h in Lemma 3.1, and all Humphries curves
are again in the same orbit. 
Figure 5.5. The embeddings of the subsurface L in σ1 when k = 6.
6. The symmetric and alternating groups
In this section we show that Σn and An can be generated by a uniformly small number
of elements of fixed order k. Note that since all permutations of odd order are even
permutations, elements of odd order k cannot generate Σn. For the case k = 2, two
elements of order 2 cannot generate Σn or An except for small values of n, since any group
generated by two involutions is a quotient of a dihedral group. Therefore the result by
Nuzhin [34] that three elements of order 2 generate An for n = 5 and n ≥ 9 is the best
possible in general.
We take up the cases where k ≥ 3. We break up Theorem 1.2 into the following two
propositions:
Proposition 6.1. Let k ≥ 3 and n ≥ k. Then three elements of order k suffice to generate
Σn when k is even and to generate An when k is odd.
Proposition 6.2. Let k ≥ 3 and n ≥ k + 2. Then four elements of order k suffice to
generate An when k is even.
The bound in Proposition 6.2 is n ≥ k + 2, and this is different from the bound in
Proposition 6.1. In the case when k is even and k = n− 1, An is not always generated by
elements of order k. For instance, if k = n − 1 is a power of 2, then the only elements of
order k are the k-cycles, but these are odd permutations and so cannot generate An.
It is possible that two elements of order k may in fact suffice for k ≥ 3. In this direction,
Miller [30] shows that if 2 ≤ k ≤ n ≤ 2k − 1, two k-cycles suffice to generate Σn when k
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is even and An when k is odd. In Section 8 we give a construction for a pair of elements
of order k that have generated Σn for k even and An for k odd for all values (k, n) that
we have tested by computer calculation, excepting a few small values that can be handled
separately.
Preliminaries. We take N = {0, . . . , n− 1} as our underlying permuted set. Denote by
hk,n(a) a step k-cycle, which is a k-cycle of the form (a a+ 1 · · · a+ k − 1) with entries
taken mod n. We further define sk,n(a, `) to be a sequential step product so that
sk,n(a, `) =
∏`
i=1
hk,n(a+ (i− 1) · k)
with entries taken mod n. By way of example, we have
s4,15(6, 3) = (6 7 8 9)(10 11 12 13)(14 0 1 2).
Note that in order to obtain a product of disjoint cycles, the largest value that ` may take
is bn/kc.
The main result about permutation groups that we use in our proofs is Jordan’s theorem.
Recall that a permutation group G is transitive if it acts transitively on the underlying
permuted set, and it is 2-transitive if it acts transitively on ordered pairs of distinct elements
of the underlying permuted set. A permutation group G is primitive if it is transitive and
if no nontrivial partition of the underlying permuted set is preserved by the action of G.
Theorem (Jordan). Let G be a primitive subgroup of Σn, and suppose G contains a p-cycle
where p is prime and p ≤ n− 3. Then G is either An or Σn.
For additional background on primitivity and Jordan’s theorem, see for instance the
book of Isaacs [17, Chapter 8B].
Proof of Proposition 6.1. Miller [30] showed that for n ≤ 2k− 1, two k-cycles generate Σn
when k is even and An when k is odd. Thus we may assume that n ≥ 2k. Consider the
permutation group G on the set N generated by the following elements:
a = sk,n(0, bn/kc)
b =
{
sk,n(k − 1, bn/kc), if k - n
sk,n(k − 1, bn/kc − 1), if k|n
c =
{
(0 1 2), if k = 3
(0 1 2) hk,n(0) = (1 0 2 · · · k − 1), if k > 3
All three elements are products of disjoint k-cycles and so have order k. As an illustration,
here are the three elements in the case k = 5, n = 18.
a = (0 1 2 3 4)(5 6 7 8 9)(10 11 12 13 14)
b = (4 5 6 7 8)(9 10 11 12 13)(14 15 16 17 0)
c = (1 0 2 3 4)
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To apply Jordan’s theorem, we must show that G contains a small prime cycle and that
G is primitive. Since n ≥ 2k ≥ 6, a 3-cycle will satisfy the small prime cycle requirement
in Jordan’s theorem. If k = 3, then c is a 3-cycle. If k > 3, the commutator [a, c] is the
3-cycle (0 1 k − 2).
It remains to show that G is primitive, and it suffices to prove the stronger condition
that G is 2-transitive. We thus aim to show that for an arbitrary ordered pair (i, j) ∈ N2,
i 6= j, there exists g ∈ G such that g(i, j) = (k−2, k−1). G is certainly transitive, since the
overlapping cycles of a and b allow any element in N to be carried to any other. Let g1 be
a product in a and b such that g1(i) = k−2. We now seek a g2 that carries j to k−1 while
keeping i at k− 2. We reduce to the case where g1(j) sits outside of S = {0, . . . , k− 1}. If
g1(j) sits in S, then we may first move g1(j) outside of S while keeping i at k− 2. Either b
acts on g1(j) while keeping i at k−2 (and so can move g1(j) out of S), or else cmbc−m does
so for some power of c. Therefore i sits at k−2 and g1(j) sits outside of S. Note that b and
the product c−1a each fix k − 2. Since b and c−1a act transitively on N − {0, . . . , k − 2},
we may form a product g2 in b and c
−1a so that g2g1(i, j) = (k − 2, k − 1). Thus G is
2-transitive, and so it is primitive.
Applying Jordan’s theorem, we have that G is either An or Σn. If k is even, then
G contains the odd permutation c, and therefore G ∼= Σn. If k is odd, then all of the
generators of G are even permutations, and so G ∼= An. 
Proof of Proposition 6.2. Take k to be even and n ≥ k + 2. To show that An is generated
by at most four elements of order k, we will modify the generating set for Σn−2 comprised
of three elements of order k from the proof of Proposition 6.1 or the two k-cycles given by
Miller. First, add elements {a, b} to the underlying set of permuted objects {0, . . . , n−3}.
For each odd permutation in the generating set for Σn−2, multiply it by the transposition
(a b) so that it becomes an even permutation. For each even permutation of the generating
set for Σn−2, let it fix a and b so that it remains an even permutation. Finally, add to the
generating set the element t = (a b 3 4 · · · k)(1 2). This is an even permutation of order
k.
These elements together generate An, since every generator is an even permutation and
every 3-cycle on {0, . . . , n− 3, a, b} is generated by them. To see this last fact, observe
that the 3-cycles on {0, . . . , n− 3} are generated by the modified elements and also that
any 3-cycle involving a or b is a conjugation of one of these 3-cycles by a power of t.
Therefore we have a generating set for An comprised of at most four elements of even order
k. 
7. Results for automorphism groups of free groups and for linear groups
In this section we use our results for An and Mod(Sg) to derive similar results for
Aut+(Fn), Out
+(Fn), SL(n,Z), and Sp(2n,Z). For the first three families of groups, the
numbers of elements of order k required in each case are simply the sums of the number of
elements of order k needed to generate An and Mod(Sg) individually. For Sp(2n,Z), the
number of elements of order k needed is the same as for Mod(Sg), g = n.
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Proof of Theorem 1.3. Fix k ≥ 5. As mentioned above, Gersten [10] gave a presentation for
Aut+(Fn) and in particular showed that Aut
+(Fn) is generated by the collection of left and
right transvections of one free group generator by another. It is immediate that Aut+(Fn)
is generated by a single left transvection, a single right transvection, and a collection of
elements that act 2-transitively on the generators of Fn. We must therefore write such
elements as products in eight elements of order k whenever n ≥ 2(k − 1).
First, there is a natural inclusion map from An to Aut
+(Fn) where a permutation maps
to the automorphism that effects that permutation on the generators of Fn. Through this
inclusion, An gives a 2-transitive action on the generators Fn. By Theorem 1.2, An may
be generated by at most four elements of order k for n ≥ k + 2. Therefore there are four
elements of order k in Aut+(Fn) that effect a 2-transitive action on the generators of Fn
for n ≥ 2(k − 1).
Next, we show that the generating set for Mod(Sk−1) constructed in the proof of Theorem
4.1 also gives a generating set for Mod(Sk−1,1), where Sk−1,1 denotes a surface of genus
k − 1 with a single puncture. The homeomorphisms of Sk−1 of order k produced in our
proof of Theorem 4.1 have two fixed points p1 and p2, since in fact the rotation r fixes four
points where the axis of rotation intersects the surface. Therefore we may place a puncture
at p1 so that it is fixed by all homeomorphisms produced in the proof of Theorem 4.1, and
therefore also by all corresponding mapping classes.
By taking the other fixed point p2 as a base point, we may embed in Sk−1,1 a system of
generators a1, . . . , a2(k−1) for pi1(Sk−1,1, p2) ∼= F2(k−1). We therefore have that
Mod(Sk−1,1, p2)
i
↪−→ Aut+(pi1(Sk−1,1)) ∼= Aut+(F2(k−1)).
The image of a Dehn twist under this inclusion is a transvection. By a standard construc-
tion, specific Dehn twists Tc1 and Tc2 are mapped by i to the left transvection t1 : a1 → a2a1
and the right transvection t2 : a3 → a3a4, where each automorphism ti fixes all other gen-
erators of the free group.
We can take images of the transvections ti under the following inclusions.
Aut+(F2(k−1)) ↪−→ Aut(F2(k−1)) ↪−→ Aut(F2(k−1)+1) ↪−→ Aut(F2(k−1)+2) ↪−→ . . .
In particular, these images are still a left and a right transvection by a generator of the
free group. They are also elements of the corresponding special automorphism groups,
since their images under the surjection to the corresponding general linear group also have
determinant 1.
Therefore the inclusions of the (at most) four generators of An and the four generators
of Mod(Sk−1,1) together generate Aut+(Fn) for n ≥ 2(k − 1), and these are all of order
k. Finally, when k ≥ 6, recall that only three elements of order k are needed to generate
Mod(Sk), and these elements also all contain two fixed points. So when k ≥ 6 and n ≥ 2k,
seven elements of order k suffice to generate Aut+(Fn).
Since Aut+(Fn) maps onto Out
+(Fn) and the kernel is torsion-free, the same number
of elements of order k under the same conditions generate Out+(Fn). Additionally, since
Out+(Fn) maps onto SL(n,Z) [33] and the kernel is torsion-free [4], we also have that the
same number of elements of order k under the same conditions generate SL(n,Z). 
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Proof of Theorem 1.4. We have that Mod(Sg) maps onto Sp(2g,Z) [9, Theorem 6.4] and
that the kernel is torsion-free [9, Theorem 6.8]. Therefore the images of the elements of
order k that generate Mod(Sg) also have order k and generate Sp(2g,Z). 
8. Further questions
The proof of Lemma 2.1 provides concrete descriptions of some periodic elements that
exist in Mod(Sg). It also provides an upper bound of (k− 1)(k− 3)− 1 on the largest g for
which elements of order k fail to exist in Mod(Sg). We would like to highlight a problem
that has already received some attention in the literature.
Problem 1. Give a formula in k for the largest g where elements of order k fail to exist
in Mod(Sg).
Such a formula would provide a nice bookend to a formula derived by Harvey [13] that
specifies the smallest g where Mod(Sg) contains an element of order k. Problem 1 was
solved for elements of prime order p by Harvey [14, Corollary 13] and by Glover and Mislin
[11, Lemma 3.3]. The formula in this case is (p2−4p+1)/2, p > 3. Kulkarni and Maclachlan
[23] solved Problem 1 for k a prime power. O’Sullivan and Weaver [35] call this the largest
non-genus problem and give bounds (and in some cases exact formulas) when k is a product
of two distinct odd primes. This problem is also sometimes called the stable upper genus
problem in the literature.
Next, there are values of g and k that are not covered by our constructions but where
elements of order k exist in Mod(Sg). For instance, there are elements of order 7 in
Mod(S3).
Problem 2. Extend Theorem 4.1 to all cases where elements of order k exist in Mod(Sg).
We can also seek smaller generating sets for Mod(Sg) consisting of elements of order k.
We note that any sharpening Theorem 4.1 in terms of the number of elements required
would seem to demand a new approach, due to the limited symmetries of a lantern.
Question 3. For any fixed k ≥ 3 and g sufficiently large, can Mod(Sg) be generated by
two elements of order k? What about three elements for orders 4 and 5?
We may of course ask the corresponding sharpening questions for the other groups we
have considered. In particular, we would be glad to see the following conjecture resolved.
Conjecture 4. Let k ≥ 3 and n ≥ k. Then two elements of order k suffice to generate Σn
when k is even and to generate An when k is odd.
We give here a candidate construction for resolving this conjecture. Consider the fol-
lowing pair of permutations on N of order k.
a = sk,n(0, bn/kc),
b =

(k − 1 k k + 1)sk,n(k − 1, bn/kc), if k is odd, or k is even and bn/kc is odd
sk,n(k bn/kc − 1, bn/kc − 1), if k is even, bn/kc is even, and n 6= k − 1 mod k
d, if k is even, bn/kc is even, and n = k − 1 mod k
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where d = s2,n(k(bn/kc − 1) − 1, 2)sk,n(1, bn/kc − 2)hk,n(k bn/kc − 1). Our computer
calculations have verified that a and b generate Σn when k is even and An when k is
odd for all pairs (k, n) where n ≥ k ≥ 3, n ≤ 200 and k ≤ 30, except for the three cases
(3, 6), (3, 7), and (3, 8). These exceptional cases can be handled by a different construction.
We have also checked the construction for 1000 additional random pairs of values where
k ≤ n ≤ 1000. We have not, however, found a proof that a and b generate Σn when k is
even and An when k is odd.
It would in addition be interesting to determine the likelihood of generating Σn or An
with two (or more) random elements of order k as n goes to infinity, just as Dixon [8]
determined for two random elements without order constraints. One could also take up
the more restrictive case where the random elements are products of the maximum number
of disjoint k-cycles. Showing that either Σn or An is generated with positive probability
could also be used as an approach to showing the existence of a generating set of two
elements of order k.
Problem 5. Determine the probability of generating Σn or An with a fixed number of
elements of order k.
The parallels often drawn between Mod(Sg) and Out
+(Fn) and Out(Fn) suggest the
following problem.
Problem 6. Using Harvey’s formula for Mod(Sg) as a model, produce formulas for Out
+(Fn)
and Out(Fn) that give the smallest n where an element of order k first appears. Likewise,
give formulas for the largest n where these groups fail to contain an element of order k.
Finally, it is known that every finite group embeds in some Mod(Sg) [9, Theorem 7.12].
One way to state our Lemma 2.1 is that for a given k, Mod(Sg) contains as a subgroup
the cyclic group of order k for sufficiently large g. Since this is true, one obstruction to
embedding any particular finite group in Mod(Sg) for all sufficiently large g is removed.
Question 7. For a fixed finite group G, does every Mod(Sg) contain G as a subgroup for
sufficiently large g? Whenever this is the case, can a formula be given for the largest g
where Mod(Sg) fails to contain G as a subgroup? Whenever G does exist as a subgroup,
can it be shown that the elements in a small number of conjugates of G generate all of
Mod(Sg)?
A fundamental result in this direction was shown by Kulkarni [22]: for any finite group
G, the g for which G acts faithfully on Sg all fall in some infinite arithmetic progression;
and further, all but finitely many values in the arithmetic progression are admissible g.
Additionally, some results in this direction for finite subgroups of SO(3,R) have been
proved by Tucker [37].
References
[1] Scott Annin and Josh Maglione. Economical generating sets for the symmetric and alternating groups
consisting of cycles of a fixed length. J. Algebra Appl., 11(6):1250110, 8, 2012.
[2] Heather Armstrong, Bradley Forrest, and Karen Vogtmann. A presentation for Aut(Fn). J. Group
Theory, 11(2):267–276, 2008.
GENERATING MAPPING CLASS GROUPS WITH ELEMENTS OF FIXED FINITE ORDER 23
[3] Tadashi Ashikaga and Mizuho Ishizaka. Classification of degenerations of curves of genus three via
Matsumoto-Montesinos’ theorem. Tohoku Math. J. (2), 54(2):195–226, 06 2002.
[4] Gilbert Baumslag and Tekla Taylor. The centre of groups with one defining relator. Math. Ann.,
175:315–319, 1968.
[5] Tara E. Brendle and Benson Farb. Every mapping class group is generated by 6 involutions. Journal
of Algebra, 278(1):187–198, 2004.
[6] S. Allen Broughton. Classifying finite group actions on surfaces of low genus. J. Pure Appl. Algebra,
69(3):233–270, 1991.
[7] Max Dehn. The group of mapping classes. In Papers on group theory and topology. Springer-Verlag, New
York, 1987. Translated from the German and with introductions and an appendix by John Stillwell.
(Die Gruppe der Abbildungsklassen. Acta Math, 69:135–206, 1938.).
[8] John D. Dixon. The probability of generating the symmetric group. Math. Z., 110:199–205, 1969.
[9] Benson Farb and Dan Margalit. A Primer on Mapping Class Groups. Princeton University Press, 2011.
[10] S. M. Gersten. A presentation for the special automorphism group of a free group. J. Pure Appl.
Algebra, 33(3):269–279, 1984.
[11] H. Glover and G. Mislin. Torsion in the mapping class group and its cohomology. In Proceedings of the
Northwestern conference on cohomology of groups (Evanston, Ill., 1985), volume 44, pages 177–189,
1987.
[12] William H. Gustafson. On products of involutions. In Paul Halmos, pages 237–255. Springer, New
York, 1991.
[13] W. J. Harvey. Cyclic groups of automorphisms of a compact Riemann surface. Quart. J. Math. Oxford
Ser. (2), 17:86–97, 1966.
[14] W. J. Harvey. On branch loci in Teichmu¨ller space. Trans. Amer. Math. Soc., 153:387–399, 1971.
[15] Susumu Hirose. Presentations of periodic maps on oriented closed surfaces of genera up to 4. Osaka J.
Math., 47(2):385–421, 06 2010.
[16] Stephen P. Humphries. Generators for the mapping class group. Topology of low-dimensional manifolds
(Chelwood Gate, 1977), volume 722 of Lecture Notes in Mathematics:44–47, 1979.
[17] I. Martin Isaacs. Finite group theory, volume 92 of Graduate Studies in Mathematics. American Math-
ematical Society, Providence, RI, 2008.
[18] Hiroyuki Ishibashi. Two-element generation of the integral symplectic group Spn(Z). J. Algebra,
179(1):137–144, 1996.
[19] Martin Kassabov. Generating mapping class groups by involutions. arXiv:math.GT/0311455 v1 25
Nov 2003.
[20] Hideyuki Kimura. Classification of automorphism groups, up to topological equivalence, of compact
Riemann surfaces of genus 4. J. Algebra, 264(1):26–54, 2003.
[21] Mustafa Korkmaz. Generating the surface mapping class group by two elements. Trans. Amer. Math.
Soc., 357(8):3299–3310, 2005.
[22] Ravi S. Kulkarni. Symmetries of surfaces. Topology, 26(2):195–203, 1987.
[23] Ravi S. Kulkarni and Colin Maclachlan. Cyclic p-groups of symmetries of surfaces. Glasgow Math. J.,
33(2):213–221, 1991.
[24] W. B. R. Lickorish. A finite set of generators for the homeotopy group of a 2-manifold. Proc. Cambridge
Philos. Soc., 60:769–778, 1964.
[25] Feng Luo. Torsion elements in the mapping class group of a surface. arXiv:math.GT/0004048 v1 8 Apr
2000.
[26] Colin Maclachlan. Modulus space is simply-connected. Proc. Amer. Math. Soc., 29:85–86, 1971.
[27] Wilhelm Magnus. U¨ber n-dimensionale Gittertransformationen. Acta Math., 64(1):353–367, 1935.
[28] John McCarthy and Athanase Papadopoulos. Involutions in surface mapping class groups. Enseign.
Math. (2), 33(3-4):275–290, 1987.
[29] G. A. Miller. On the groups generated by two operators. Bull. Amer. Math. Soc., 7(10):424–426, 1901.
24 JUSTIN LANIER
[30] G. A. Miller. Possible orders of two generators of the alternating and of the symmetric group. Trans.
Amer. Math. Soc., 30(1):24–32, 1928.
[31] Naoyuki Monden. Generating the mapping class group by torsion elements of small order. Mathematical
Proceedings of the Cambridge Philosophical Society, 154:41–62, 1 2013.
[32] Bernhard Neumann. Die Automorphismengruppe der freien Gruppen. Math. Ann., 107(1):367–386,
1933.
[33] Jakob Nielsen. Die Isomorphismengruppe der freien Gruppen. Math. Ann., 91(3-4):169–209, 1924.
[34] Ya. N. Nuzhin. Generating triples of involutions of alternating groups. Mat. Zametki, 51(no. 4):91–95,
142, 1992.
[35] Cormac O’Sullivan and Anthony Weaver. A Diophantine Frobenius problem related to Riemann sur-
faces. Glasg. Math. J., 53(3):501–522, 2011.
[36] M. Chiara Tamburini and John S. Wilson. On the (2, 3)-generation of automorphism groups of free
groups. Bull. London Math. Soc., 29(1):43–48, 1997.
[37] Thomas W. Tucker. Two notes on maps and surface symmetry. In Rigidity and symmetry, volume 70
of Fields Inst. Commun., pages 345–355. Springer, New York, 2014.
[38] Kazuya Yoshihara. Generating the mapping class group of an orientable surface by elements of order
six. In preparation.
[39] Paola Zucca. On the (2, 2× 2)-generation of the automorphism groups of free groups. Istit. Lombardo
Accad. Sci. Lett. Rend. A, 131(1-2):179–188 (1998), 1997.
School of Mathematics, Georgia Tech, 686 Cherry St., Atlanta, GA 30332
E-mail address: jlanier8@gatech.edu
